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1.
:
$n$- $(x_{1}, \ldots, x_{n})$
$P_{1},$
$\ldots,$
$P_{n}$ $(\lambda_{1}, \ldots, \lambda_{n})\in \mathbb{C}^{n}$
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2 . root
$($cf $[P])$
$\sqrt[\backslash ]{}\frac{1}{2}\sum p_{i}^{2}+V(q)$ Shor\"odinger
(2.1) $P=- \frac{1}{2}\sum\partial_{j}^{2}+V(x)$









)o $\mathbb{R}^{n}$ Weyl $W$ (cf $[$OP2]) :








$\Sigma^{+}$ Weyl $W$ root
$m_{\alpha}\in \mathbb{C}$ $m_{w\alpha}=m_{\alpha}(w\in W)$
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$W$ $A_{n-1}$ (cf [Ca], [M], [Su])
(2.3) $V(x)=j \sum_{=1}^{n-1}v(Xj-Xj+1)$






$\Psi$ Weyl $W$ root simple system II
Kac-Moody Lie algebra simple system
$A_{n-1}$
(2.5) $V(x)= \sum_{j=1}^{n-.1}\exp(Xj-Xj+1)$
$A_{n-1}$ Dynkin Diagram II
(2.6) $V(x)= \sum_{j=1}^{n-1}\exp(x_{j}-x_{j+1})+\exp(x_{n}-x_{1})|$
$\wp(z)$ Weierstrass i $($ cf. $[WW])$
$\omega$1, $\omega_{2}$
(27) $\wp(z|2\omega_{1},2\omega_{2})=\frac{1}{z^{2}}+\sum_{\omega\neq 0}(\frac{1}{(z-\omega)^{2}}-\frac{1}{\omega^{2}}I$
$\omega=2m_{1}\omega_{1}+2m_{2}\omega_{2}$ for $(m_{1}, m_{2})\in Z\backslash \{0\}$
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$0$










$\wp(z|\sqrt{-1}\pi, \infty)=\sinh^{-2}z+\frac{1}{3}$ when $g_{2}= \frac{4}{3}$ and $g_{3}=- \frac{8}{27}$ ,
$\wp(z|\infty, \infty)=z^{-2}$ when $g_{2}=g_{3}=0$ .
$($ 2.10 $)$ 1 $)$ I, II, III IV .,’ $\backslash ^{o_{\overline{7}}}$
$\text{ _{}\backslash }$ II III . $xrightarrow\sqrt{-1}x$
V I
$([OP2])$ 1-II $V(x)$
(2.11) $- \lim_{Narrow\infty}\frac{e^{N}}{2}V(x_{1}+N, x_{2}+2N, \ldots, x_{n}+nN)=\sum_{j=1}^{n-1}\exp(x_{j}-x_{j+1})$
(2.5) 1-II limiting case cyclic Toda
lattice 1-IV limiting case $([I])$
1-IV











$P_{1}=$ $\prod$ $(\sinh\langle\alpha,$ $x\rangle)^{\underline{m}_{A}}2\circ\triangle\circ$ $\prod$ $(\sinh\langle\alpha,$ $x\rangle)^{-}2\underline{m}_{R}$
$\alpha\in\Sigma^{+}$ $\alpha\in\Sigma$
$($ 3.3 $)$ $- \frac{1}{4}|\sum_{\alpha\in\Sigma}$
$m_{\alpha}\alpha|^{2}$ .





Lie $G$ split Whit-










$W\in O(n)$ $\mathbb{R}^{n}$ $\mathbb{C}[x]$ $I[x]$
$P(x_{1}, \ldots, x_{n})$ $\partial$P $=P(\partial_{1}, \ldots, \partial_{n})$ $arrow$
$W$ - $I[\partial]=\{\partial_{P};P\in I[x]\}$
$n$ $W$ Coxeter (
)
Coxeter $W$ $\{p_{1}, \ldots,p_{n}\}$ homogeneous
$I[x]$
1, 2, 3, 4 $\mathbb{C}[P_{1}, \ldots, P_{n}]$
1. P $W$- $(1 \leq i<j\leq n)$ .
2. $[P_{i}, P_{j}]=0$ for $1\leq i<j\leq n$ .
3. $P_{j}=\partial_{pj}+R_{j}$ with ord $R_{j}<P_{j}$ for $1\leq j\leq n$ .
4. $P \equiv-\frac{1}{2}\sum_{j=1}^{n}\partial_{j}^{2}+V(x)\in \mathbb{C}[P_{1}, \ldots, P_{n}]$ .
$p1=x_{1}^{2}+\cdots x_{n}^{2}$ 3 ord $R_{1}=$
$0$ ${}^{t}P_{1}=$
. $\mathbb{C}[P_{1}, \ldots, P_{n}]$
$W$ $A_{n-1}$
$n>2$ $B_{n}$ $n>1$ $D_{n}$ $n>3$
$W$ $\mathbb{R}^{n}$
$(x_{1}, \ldots, x_{n})\mapsto(\epsilon_{1}x_{\sigma(1)}, \ldots, \in n^{X}\sigma(n))$
$\sigma$ $\{$ 1, $\ldots,$ $n\}$
$6_{n}$





$P_{j}= \sum_{1\leq i_{1}<\cdots<i_{j}\leq n}\partial_{i_{1}}\cdots\partial_{i_{j}}+R_{j},$
$ordR_{j}<j$ for $1\leq j\leq n$
$B_{n}$
$($ 4.2 $)$
$P_{j}= \sum_{1\leq i_{1}<}<$ $\leq n\partial_{i_{1}}^{2}\cdots$
$+R_{j},$ $ordR_{j}<2j$ for $1\leq j\leq n$
$D_{n}$
$(4.3)\{$
$P_{j}=$$\sum_{1\leq i_{1}<\cdots<i_{j}\leq n}^{P_{n}=\partial_{1}\cdots\partial_{n}+R_{n}}\partial_{i_{1}}^{2^{ordR_{n}<n}}\cdots\partial_{i_{j}}^{2}+R_{j},$ $ordR_{j}<2j$ for $1\leq j<n$
5. $V(x)$ . $\mathbb{R}^{n}$
$A_{2}$ $Q= \sum_{\alpha}a_{\alpha}(x)\partial^{\alpha}$ ${}^{t}Q=$
$\sum(-1)$ $\partial^{\alpha}\circ a_{\alpha}(x)$ $[P, Q]=-[{}^{t}P,{}^{t}Q]$ tQ $=$
$(-1)^{ordQ}Q$ $Q$ natural adjoint property





$[P_{3}, P_{1}]=0$ $W$- (4.4)
(4.5) $P_{3}=\partial_{1}\partial_{2}\partial_{3}+u(x_{2}-x_{3})\partial_{1}+u(x_{1}-x_{3})\partial_{2}+u(x_{2}-x_{3})\partial_{3}$
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$+u(x_{3}-x_{1})(u$ ‘ $(x_{2}-x_{3})-u$‘ $(x_{1}-x_{2}))=0$
$u(x)$ $u’(x)$ 1
(4.7) $u(y)$ $u’(y)$ 1
$u(z)$ $u’(z)$ 1
$=0$ if $x+y$ $z=0$
(4.8) $u(t)=C\wp(t;2\omega_{1},2\omega_{2})+C’$
$($ cf [WW], [OS] $)_{0}$
$C,$ $C’$ $\omega_{1},$ $\omega_{2}$ $\mathbb{R}$
$\infty$
$U(t)$ $U’(t)=u(t)$ (4.7)
(4.9) $(U(x)+U(y)+U(z))^{2}=F(x)+F(y)+F(z)$ if $x+y+z=0$
(
)
(4.10) $(U_{1}(x)+U_{2}(y)+U_{3}(z))^{2}=F_{1}(x)+F_{2}(y)+F_{3}(z)$ if $x+y+z=0$
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[BP] A2
$P_{j}$ $W$- (4.1) 2, 3, 4, 5 \S 2




1[OS]. \S 4 1-5
$V(.x)= \sum_{1\leq i<j\leq n}u(x_{i}-x_{j})$
( $A_{n-1}$ ),
$V(x)= \sum_{1\leq i<j\leq n}(u(x_{i}-x_{j})+u(x_{i}+x_{j}))+\sum_{1\leq j\leq n}v(x_{j})$
$(B_{n}\not\subset)$ $)$ ,
$V(x)= \sum_{1\leq i<j\leq n}(u(x_{i}-x_{j})+u(x_{i}+x_{j}))$ ( $D_{n}$ )
, v(
root
$R_{j}$ $W$- $A_{n}$ $u$






$A_{n}$ $P_{1},$ $P_{2},$ $P_{3}$ $B_{n}$ $D_{n}$ $P_{1}$ $P_{2}$
1 $u(t)$ $v(t)$
2([OS]). i) $A_{n-1}(n>3)$ ) (4.8)
ii) $B_{n}(n>1)$ $(u(t),$ $v(t))$
(6.1) $\frac{\partial}{\partial y}(v’(y)(u(x+y)-u(x-y))+2v(y)(u’(x+y)+u’(x-y)))$
$= \frac{\partial}{\partial x}(v’(x)(u(x+y)-u(x-y))+2v(x)(u’(x+y)-u’(x-y)))$ .
iii) $D_{n}(n>3)$ $u(t)$ $v(t)=u(t)$ (6.1)
$U’(t)=u(t),$ $V’(t)=v(t)$ $U(t),$ $V(t)$
(6.1)
(6.2) $V(x)(U(x+$ $+U(x-y))+V(y)(U(x+$ $-U(x-$ $))$
$=F(x$ $y)$ $F(x-y)+G(x)$ $G(y)$ .
3 ([OS], [OO]). $\{t\in \mathbb{R};0<|t|\ll 1\}$
(6.1) $(u(t),$ $v(t))$
(6.3) $u(t)=C_{1}$ , $v(t)$ ,
(6.3’) $v(t)=C_{1}$ , $u(t)$ ,
(6.4) $\{\begin{array}{l}u(t)=C_{1}\wp(t)+C_{2},v(t)=\frac{C_{3}\wp(t)^{4}+C_{4}\wp(t)^{3}+C_{5}\wp(t)^{2}+C_{6}\wp(t)+C_{7}}{\wp’(t)^{2}}\end{array}$
$(6.4’)$ $\{\begin{array}{l}\text{ } =\frac{C_{3}\wp(\frac{t}{2})^{4}+C_{4}\wp(\frac{t}{2})^{3}+C_{5}\wp(\frac{t}{2})^{2}+C_{6}\wp(\frac{t}{2})+C_{7}}{\wp’(\frac{t}{2})^{2}},v(t)=C_{1}\wp(t)+C_{2}\end{array}$
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(6.5) $\{$





4 $([OS]$ $[OO])$ .
i $)$ $A_{n-1}(n>3)$ $u(t)$ (4.8)
ii) $B_{n}(n>2)$ $(u(t),$ $v(t))$ (6.3), (6.4)
iii) $B_{2}$ (6.3), $(6.3’),$ $(6.4),$ $(6.4’),$ $(6.5)$
iv) $D_{n}(n>3)$ u( (4.8)
(6.6) $u(t)=Ct^{-2}+C’t^{2}+C’’$
$\wp(t)$ $\infty$ (6.4)
(6.7) $\{\begin{array}{l}u(t)=C_{1}’\sinh^{-2}\lambda t+C_{2}’,v(t)=C_{3}’\sinh^{-2}\lambda t+C_{4}’\sinh^{-2}2\lambda t+C_{5}’\sinh^{2}\lambda t+C_{\beta}’\sinh^{2}2\lambda t+C_{7}’\end{array}$
(6.5)
(6.8) $\{\begin{array}{l}u(t)=C_{1}’\sinh^{-2}\lambda t+C_{2}’\sinh^{2}\lambda t+C_{3}’,v(t)=C_{4}’\sinh^{-2}\lambda t+C_{5}’\sinh^{-2}2\lambda t+C_{6}’\end{array}$



















$e_{1}\neq e_{2}\neq e_{3}\neq e_{1}$
(6.15) $B_{1}+B_{2}+B_{3}=0$
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$A_{1},$ $A_{2},$ $A_{3},$ $B_{1},$ $B_{2},$ $B_{3}$
(6.16) $\frac{d^{2}y}{dx^{2}}+\frac{1}{2}(\frac{1}{x-e_{1}}+\frac{1}{x-e_{2}}+\frac{1}{x-e_{3}})\frac{dy}{dx}$
$+( \frac{A_{1}}{(x-e_{1})^{2}}+\frac{A_{2}}{(x-e_{2})^{2}}+\frac{A_{3}}{(x-e_{3})^{2}}+\frac{B_{1}}{x-e_{1}}+\frac{B_{2}}{x-e_{2}}+\frac{B_{3}}{x-e_{3}})y=0$
Pl $(\mathbb{C})$ el, $e_{2},$ $e_{3},$ $\infty$ 4 2

















$[(1.1)$ P V( \S 4
$\mathbb{C}[P_{1}, \ldots, P_{n}]$ ?
5 ([OS], [Ta]).
i $)$ $A_{2}$ $v(t)$ $=$ Cr2 $+$ C’ $\mathbb{C}[P_{1}, \ldots, P_{n}]$
$(u(t), v(t))$
ii) $\mathbb{C}[P_{1}, \ldots, P_{n}]$ natural adjoint property
$u(t)$ $(u(t),$ $v(t))$ $\mathbb{C}[P_{1}, \ldots, P_{n}]$
ii) V $(x)$ $V(x)$ $\mathbb{C}[P_{1}, \ldots, P_{n}]$
$B_{n}$ $(u(t),$ $v(t))$ $V(t)$
( $t^{2}$ )
$\grave$
$\mathbb{C}[P_{1}, \ldots, P_{n}]$ $\partial$1
$\partial$1 i
$2u(x_{1}.-x_{2})-2u(x_{1}+x_{2})$ 5 i), ii)
Bn
$A_{2}$ $v(t)=t^{-2}$ natural adjoint property
(cf [Ta])
$B_{n}$ natural adjoint property
$u(t)$ $v(t)$ $V(x)$ $\mathbb{C}[P_{1}, \ldots, P_{n}]$
(cf. $[$OS$]$ ) $P$ natural adjoint
property $W$
6 $([OS])$ .
i $)$ $W$- $Q$ $[Q, P_{j}]=0(i=1, \ldots, n)$
$Q\in \mathbb{C}[P_{1}, \ldots, P_{n}]$ .
ii) C $\in \mathbb{C}$ $\tau c(x)=x+C$ $C_{1},$ $\ldots,$ $C_{n}\in \mathbb{C}^{n}$
V( $\tau_{C_{j}}$ $(j=1, \ldots, n)_{\circ}$
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$Q$ $\tau$c $(j=1, \ldots, n)$ $[Q, P]=0$
$[Q, P_{j}]=0(j=1, \ldots, n)$
8.
7.
i $)$ 4 $u$ $(u, v)$ (6.6)
$\mathbb{C}[P_{1}, \ldots, P_{n}]$
(1.1) $P$
ii) $Xjarrow qj,$ $\sqrt{-1}\partial_{j}arrow pj$ ( ) $P$
Hamiltonian
(7.1) $H(p, q)= \frac{1}{2}\sum_{j=1}^{n}p_{j}^{2}+V(q)$
$P_{j}$
$\overline{P}_{j}(p, q)$
(7.2) $\{H,\overline{P}_{j}\}=\{\overline{P}_{i},\overline{P}_{j}\}=0$ for $1\leq i\leq j\leq n$
$\{$ , $\}$ Poisson
(7.3) $\{f, g\}=\sum_{i=1}^{n}(\frac{\partial f}{\partial pi}\frac{\partial g}{\partial qi}-\frac{\partial g}{\partial pi}\frac{\partial f}{\partial qi})$
$A_{n}$ $P_{k}$
$P_{k}= \sum_{0\leq j\leq[\frac{k}{2}]}\frac{1}{2^{j}j!(k-2j)!}\sum_{\sigma\in \mathfrak{S}_{n}}\sigma(u(x_{1}-x_{2})u(x_{3}$
$x_{4})$




(7.5) $u(t)=C_{5}\wp(t)$ , $v(t)= \sum_{j=1}^{4}c_{J\wp(t}+\omega j)-\frac{\grave{C}_{0}}{2}$
$C_{0},$
$\ldots,$
$C_{5}\in \mathbb{C},$ $\omega_{3}=-(\omega_{1}+\omega_{2}),$ $\omega_{4}=0$
$P_{k}$ (cf [O])
(7.6) $P_{n}(C_{0})= \sum_{k=0}^{n}\frac{1}{k!(n-k)!}\sum_{\sigma\in \mathfrak{S}_{n}}\sigma(q$ $\triangle_{\{k+1,\ldots,n\}}^{2})$
$\triangle_{\{1},\ldots$ $=$ $\sum$ $\frac{1}{2^{k}j!(k-2j)!}$ $\sum$ $\epsilon(w)w(u(x_{1}-x_{2})$
$0 \leq J\leq[\frac{k}{2}]$ $w\in W(B_{k})$
$u(x_{3}-x_{4})\cdots u(x_{2j-1}-x_{2j})\partial_{2j+1}\partial_{2j+2}\cdots\partial_{k})$ ,
$q \{1,\ldots,k\}=\sum_{I_{1}\coprod\cdots LII_{\nu}=\{1,\ldots,k\}}T_{I_{1}}\cdots T_{I_{\nu}}$
, $q_{\emptyset}=1$ ,
$T_{\{1,\ldots,k\}}=(-C_{5})^{k-1}( \frac{C_{0}}{2}T_{\{1,\ldots,k\}}^{0}(1)-\sum_{j=1}^{4}C_{j}T_{\{1,\ldots,k\}}^{0}(\wp(t+\omega_{j})))$ ,
$T_{\{1,\ldots,k\}}^{0}( \psi)=\sum_{I_{1}II\cdots III_{\nu}=\{1,\ldots,k\}}(-1)^{\nu-1}(\nu-1)!S_{I_{1}}(\psi)\cdots S_{I_{\nu}}(\psi)$
,
$S_{\{1,\ldots,k\}}( \psi)=\sum_{w\in W(B_{k})}w(\psi(x_{1})\wp(x_{1}-x_{2})\wp(x_{2}-x_{3})\cdots\wp(x_{k-1}-x_{k}))$
$W(B_{k}),$ $W(D_{k})$ $B_{k}$ $D_{k}$ Weyl $\mathbb{R}$
$w\in W(B_{k})$ $w\in W(D_{k})$
$\in$ (w) $=$ l 1 $I_{1},$ $\ldots,$ $I_{\nu}$ $\{$ 1, $\ldots,$ $k\}$
$\sigma\in \mathfrak{S}_{n},$ $k=\neq I,$ $\sigma(\{1, \ldots, k\})=I$ $\triangle_{I}=$
$\sigma(\triangle\{1,\ldots,k\})$
$(C_{0})$ $C_{0}$ $C_{0}^{n}$ $P_{j}$
(7.7) $[P_{n}(C_{0}), P_{n}(C_{0}’)]=0$
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$D_{n}(n>3)$ $($ 4.8 $)$ $B_{n}$ $C_{1}=C_{2}=C_{3}=$
$C_{4}=0$ $P_{k}(k=1, \ldots, n-1)$
$\ovalbox{\tt\small REJECT}=\triangle_{n}$
$B_{n}$ (6.4) $\wp(t)$ $B_{n}$
$P_{k}$ (6.8) (6.10) [O]
$B_{n}$ (6.3) $\mathbb{C}[P_{1}, \ldots, P_{n}]$ $\mathbb{C}[-\frac{1}{2}p_{1}^{2}+v(x_{1}),$ $\ldots,$ $- \frac{1}{2}p_{n}^{2}+$
$x_{n})]$ $W$















$[P,{}^{t}QQ]=[P,{}^{t}Q]Q+{}^{t}Q[P, Q]=-{}^{t}[P,$ $Q]Q+{}^{t}Q[P, Q]=0$
1 $0$ . $W$ B2 $P$ (1.1)
(9.2) $Q=\partial_{1}\partial_{2}+a_{1}(x_{1}, x_{2})\partial_{1}+a_{2}(x_{1}, x_{2})\partial_{2}+b(x_{1}, x_{2})$
(9.2)
$g(P)=P,$ $g(Q)=\epsilon(g)Q$ for $g\in W(B_{2})$





$u(t)=c_{4} \frac{(\wp(\frac{t}{\wp 2})-e_{3})^{2}}{(\frac{t}{2})^{2}}+c_{5}\wp(t)+c_{6}$ ,
$w(t)=a’(t)-a^{2}(t)$ ,
$R(x_{1}, x_{2})=u(x_{1}+x_{2})+u(x_{1}-x_{2})+w(x_{1})+w(x_{2}).$’












$a(t)=C_{1}\coth\lambda t+C_{2}\tanh\lambda t+C_{3}\sinh 2\lambda t$ ,
$u(t)=C_{4}\sinh^{-2}\lambda t+C_{5}$ ,
$w(t)=-(C_{1}\lambda+C_{1}^{2})\sinh^{-2}\lambda t+(C_{2}\lambda+C_{2}^{2})\cosh^{-2}$ $\lambda$
2 $(C_{3}\lambda-C_{1}C_{3}-C_{2}C_{3})\cosh 2\lambda t-C_{3}^{2}\cosh^{2}$ 2 $\lambda$
$-(C_{1}^{2}+C_{2}^{2}-C_{3}^{2}+2C_{1}C_{2}+2C_{1}C_{3}-2C_{2}C_{3})\cdot$.
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